Rules for integrands of the form (a + bSec[c +dx])"

1. j(bSec[c+dx])"dlx
1. J(bSec[c+dx])“dlx when n>1

1: |[Sec[c+dx]"dx when %ez"

Derivation: Integration by substitution

[ SH=]

Basis: If §  z,then Sec[c+dx]" = ¢ (1+Tan[c+dx]?) 1osTan[c +dx]
Rule: If% e Z*, then

1 PONLIRY
JSec[c+dx]"d1x — —Subst[j(1+x )77 dx, X, Tan[c+dx]]
d

Program code:

Int[csc[c_.+d_.*x_]”n_,x_Symbol] :=
-1/d*Subst [Int [ExpandIntegrand[ (1+x*2)”(n/2-1),x],x],x,Cot[c+dxx]] /;
FreeQ[{c,d},x] && IGtQ[n/2,0]



Rules for integrands of the form (a+b sec(e+f x))™n

2: J-(bSec[c+dx])"dlx when n>1

Reference: CRC 313
Reference: CRC 309

Derivation: Secant recurrence 3awithA ->90, B—-a, C>d, m->m-1, n—> -1

Rule: If n > 1, then

J(bSec[c+dx])"d1x —
d(n-1)

Program code:

Int[(b_.*csc[c_.+d_.*x_]1)”n_,x_Symbol] :=
-bxCos [c+dxX] * (bxCsc[c+d*Xx] )" (n-1) / (d* (n-1)) +
b”2% (n-2) / (n-1) *Int[ (bxCsc[c+dxx])” (n-2),x] /;
FreeQ[{b,c,d},x] &% GtQ[n,1] &% IntegerQ[2xn]

bSin[c+dx] (bSec[c+dx])™* b? (n-2)
+

n-1

J(b Sec[c +dx])"2dx



Rules for integrands of the form (a+b sec(e+f x))™n

2: J(bSec[c+dx])“dlx when n< -1

Reference: CRC 305
Reference: CRC 299

Derivation: Secant recurrence lawithA-1, B-0, C- 90, n >0

Rule: If n < -1, then

Sin[c+dx] (bSec[c+dx])™? (n+1)
+
bdn b%n

J‘(bSec[c+dx])"dlx—> - J(bSec[c+dx])"*2dx

Program code:
Int[(b_.*csc[c_.+d_.*x_])”n_,x_Symbol] :=
Cos[c+d*x]* (bxCsc[c+dxx]) " (n+1) / (bxdxn) +

(n+1) / (b~2xn) *Int[ (bxCsc[c+d*x])”(n+2),x] /;
FreeQ[{b,c,d},x] &% LtQ[n,-1] && IntegerQ[2xn]

3: jSec[c +dx] dx

Reference: G&R 2.526.9, CRC 294, A&S 4.3.117
Reference: G&R 2.526.1, CRC 295, A&S 4.3.116

Derivation: Integration by substitution

Basis: Sec[c +d x] == iSubst[ -, X, Sin[c+dx] | 6xSin[c +dx]

1
1-x

Rule:



BN

Rules for integrands of the form (a+b sec(e+f x))™n

ArcTanh[Sin[c + dx] ]
d

jSec[c +dx] dx —

Program code:

1
X: j— dx
Sec[c +dXx]

Note: This rule not necessary since Mathematica automatically simplifies —2— to cosz].

Sec[z]

Rule:

1 Sin[c +dx]
J—dlx—» Cos[c+dx] dX — —————
Sec[c +dx] d

Program code:




Rules for integrands of the form (a+b sec(e+f x))™n

4: J(bSec[c +dx])"dx when n? == %

T a

Derivation: Piecewise constant extraction
Basis: Oy ((bSec[c+dx])" (Cos[c+dx])") ==
Rule: If n? == }—L,then

1
j(bSec[c+dx])"dlx — (bSec[c+dx])" (Cos[c+dx])"J—dlx
Cos[c+dx]"

Program code:

Int[(b_.*csc[c_.+d_.*x_]1)”n_,x_Symbol] :=
(bxCsc[c+dxx]) ~nxSin[c+d*x] n+Int[1/Sin[c+dsx] n,x] /;
FreeQ[{b,c,d},x] &% EqQ[n"2,1/4]



Rules for integrands of the form (a+b sec(e+f x))™n

5: J(bSec[c+dx])“dlx when n ¢ z

Derivation: Piecewise constant extraction
Basis: Oy ((bSec[c+dx])" (Cos[c+dx])") =0

Note: Decrementing the exponents in the piecewise constant factor results in canceling out the cosine factor introduced
when integrating the power of the cosine.

Rule:If 2 n ¢ Z, then

b

C d n-1 1
(bSec[c+dx])"dx — (bSec[c+dx])"‘1[ osfe + x]] dx
b (Cos[c+dx] )"

Program code:

Int[(b_.*csc[c_.+d_.*x_])”"n_,x_Symbol] :=
(bxCsc[c+d+x])~ (n-1) » ((Sin[c+d+x]/b)~ (n-1) »Int[1/(Sin[c+dxx]/b)*n,x]) /;
FreeQ[{b,c,d,n},x] && Not[IntegerQ[n]]



Rules for integrands of the form (a+b sec(e+f x))™n

2: j(a+bSec[c+dx])2dlx

Derivation: Algebraic expansion
Basis: (a+bz)?2==a’+2abz+b?z?
Rule:

J(a+b$ec[c+dx])2d1x — a2x+2abj5ec[c+dx] d1x+b2j5ec[c+dx]2dlx

Program code:

Int[ (a_+b_.*xcsc[c_.+d_.xx_])"2,x_Symbol] :=
a*2xXx + 2xaxbxInt[Csc[c+d*Xx],x] + b*2xInt[Csc[c+d*xx]"2,x] /;
FreeQ[{a,b,c,d},x]

3. j(a+b$ec[c+dx])"d1x when a? - b? == @
1. J(a+b$ec[c+dx])"d1x when a2 -b2==0 A 2nez

1. J(a+b$ec[c+dx])"d1x when a2 -b%2=0 A 2nez*

1: j\/a+b$ec[c+dx] dx when a2 -b? =0

Author: Martin Welz on 24 June 2011

Derivation: Integration by substitution

Basis: If a2 - b2 == 0,thenva +bSec[c +dx] = 22 Subst| -1, x, —Llanlcxdx] 8, —lanlc+d x]
d a+Xx

~Ja+b Sec[c+d x] X Ja+bSec[c+d X]
Rule: If a? - b? == 9, then



Rules for integrands of the form (a+b sec(e+f x))™n

1 bTan[c +d x]
dx, x,

a+x? Va+bSec[c+dx]

2b
JVa+bSec[c+dx] dx — TSUbSt[j

Program code:
Int[Sqrt[a_+b_.xcsc[c_.+d_.*x_]],x_Symbol] :=

-2xb/d*Subst [Int[1/ (a+x"2),x],X,bxCot [c+dxx] /Sqrt[a+bxCsc[c+dxx]]] /;
FreeQ[{a,b,c,d},x] && EqQ[a”2-b"2,0]

2: J(a+b5ec[c+dx])"d1x when a2-b?=0 An>1 A 2nez

Derivation: Symmetric secant recurrence lb withA—-a, B—-b, m-0, n->n-1

Rule:If a2-b?==0 A n>1 A 2n e Z,then

~I-(a+b5ec[c+dx])"dlx —

b2Tan[c+dx] (a+bSec[c+dx])"?

d(n-1)

+ alJ\(a+bSec[c+dx])"‘2 (@a(n-1) +b (3n-4) Sec[c+dx]) dx
n-

Program code:

Int[(a_+b_.*xcsc[c_.+d_.*x_])”n_,x_Symbol] :=

-b”2xCot [c+d*X] * (a+b*Csc[c+d*Xx] )~ (n-2) / (d* (n-1)) +

a/ (n-1) *Int[ (a+bxCsc[c+d*x]) " (n-2) * (a* (n-1) +b* (3*xn-4) xCsc [c+d*x]) ,X] /;
FreeQ[{a,b,c,d},x] &% EqQ[a”2-b"2,0] && GtQ[n,1] && IntegerQ[2xn]



Rules for integrands of the form (a+b sec(e+f x))™n

2. J(a+bSec[c+dx])"dlx when a2 -b%?==0 A 2nez"-

1

1: J dx when a% -b%:==0
Va+bSec[c+dx]

Author: Martin on sci.math.symbolic on 10 March 2011

Derivation: Algebraic expansion

Basis: 1 __ Na+bz bz
" Ja+bz a ava+bz

Rule: If a? - b? == 9, then

1 1 b Sec[c +dX]
J dlx—»—J-\/a+bSec[c+dx] dlx——J dx
Va+bSec[c+dx] a aJ 4asbSec[c+dx]

Program code:

Int[1/Sqrt[a_+b_.xcsc[c_.+d_.*x_]],x_Symbol] :=
1/axInt[Sqrt[a+bxCsc[c+d*x]],Xx] -
b/axInt[Csc[c+d*x]/Sqrt[a+bxCsc[c+d*x]],x] /;

FreeQ[{a,b,c,d},x] &% EqQ[a”2-b"2,0]



Rules for integrands of the form (a+b sec(e+f x))™n

2: j(a+b5ec[c+dx])"d1x when a2 -b%?==0 Ans<-1A2nez

Derivation: Symmetric secant recurrence 2b withA -1, B—- 0, m— 0

Rule:If a2-b%2==0 An<-1 A 2nez,then

j(a+bSec[c+dx])"d1x —

Tan[c+dx] (a+bSec[c+dx])" 1
+
d(2n+1) a2 (2n+1)

J(a+b5ec[c+dx])“*1 (@a(2n+1) -b (n+1) Sec[c+dx]) dx

Program code:

Int[ (a_+b_.*xcsc[c_.+d_.*x_]1)”n_,x_Symbol] :=
-Cot[c+d*x] % (a+bxCsc[c+d*Xx])~n/ (d* (2xn+1)) +
1/ (a”2% (2xn+1) ) *Int[ (a+b*Csc[c+d*Xx] )~ (n+1) = (a* (2xn+1) -b* (n+1) *Csc [c+d*x]) ,x] /;
FreeQ[{a,b,c,d},x] && EqQ[a*2-b"2,0] && LeQ[n,-1] & IntegerQ[2xn]

10



Rules for integrands of the form (a+b sec(e+f x))™n

2, j(a+bSec[c+dx])"d1x when a2 -b%?:=20 A 2n¢z

1: J(a+b5ec[c+dx])"d1x when a2 -b2==0 A 2n¢Z A a>0

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a? - b? == @, then oy Tan[c+dx] -
vJ1+Sec[c+d x] +/1-Sec[c+d x]
BaS|S: If a2 — b2 =0 A a> @’ then _ Tan[c+d x] Tan[c+d Xx]

J1+Sec[c+dx] ~/1-Sec[c+dx
[ : [ : 1+§Sec[c+dx} 1—§Sec[c+dx}

Basis: Tan[c +d x] F[Sec[c+dX]] == iSubst[F—[Xﬂ, X, Sec[c+dx]] OxSec[c +dx]

Rule:If a2-b%?==0 A 2n¢Z A a> 0,then

b n
J(a+b5ec[c+dx])"d1x—>a"J(1+—Sec[c+dx]) dx —
a

n-1

a" Tan[c + d x] J\Tan[c+dx] 1+ESec[c+dx]) ?
- dx —
V1+Sec[c+dx] Vl-Sec[c+dx]

1-—Sec[c+dx]

a"Tan[c +dx]
- Subst[ — dx, X, Sec[c +dx]]
d\/1+Sec[c+dx] \/1-Sec[c+dx] b

Program code:

11



Rules for integrands of the form (a+b sec(e+f x))™n

Int[ (a_+b_.xcsc[c_.+d_.*x_])”n_,x_Symbol] :=
a*nxCot [c+dxx] / (dxSqrt[1+Csc[c+d*x]]*Sqrt[1-Csc[c+dxx]]) *
Subst [Int[ (1+bxx/a)”~(n-1/2) / (xxSqrt[1-bxx/a]) ,x],X,Csc[c+dxx]] /;
FreeQ[{a,b,c,d,n},x] &% EqQ[a”2-b”2,0] && Not[IntegerQ[2xn]] && GtQ[a,0]

2: J(a+b5ec[c+dx])“dlx when a2-b%?==0 A 2n¢Z A a3 0

Derivation: Piecewise constant extraction

Basis: If 8, (@bseclcxdxl)L . g
(1+; Sec[c+dx])

Rule:If a2-b%2=20 A 2n¢Z A a % 0,then

gIntPart(n] (a+bSec[c+ dx])FracPart[n] b n
(a+bSec[c+dx])"dx — 1+ —Sec[c+dx]| dx
b FracPart[n] a
(1+ ;Sec[c+dx])

Program code:
Int[ (a_+b_.xcsc[c_.+d_.*x_])”n_,x_Symbol] :=

a”IntPart[n] * (a+bxCsc[c+dxx])~FracPart[n]/ (1+b/axCsc[c+d*x])~FracPart[n]*Int[ (1+b/a*Csc[c+d*Xx])”"n,x] /;
FreeQ[{a,b,c,d,n},x] & EqQ[a”~2-b”2,0] && Not[IntegerQ[2+n]] && Not[GtQ[a,0]]

4, J(a+b5ec[c+dx])"d1x when a2-b?2#0 A 2nez

1. f(a+bSec[c+dx])"dlx when a2 -b?#0 A 2nez*

1: JVa+bSec[c+dx] dx when a%? -b%#0

Rule: If a2 - b% + 0, then

J\/a+b5ec[c+dx] dx —



Rules for integrands of the form (a+b sec(e+f x))™n 13

2 (a+bSec[c+dx]) b (1+Sec[c+dx]) b (1-Sec[c+dx]) L. . a+b a-b
- - E111pt1cP1[ ,ArcSm[ B ]
d“/a+bTan[c+dx] a+bSec[c+dx] a+bSec[c+dx] a+b Va+b5ec[c+dx] a+b

Program code:

Int[Sqrt[a_+b_.xcsc[c_.+d_.*x_]],x_Symbol] :=
2x (a+bxCsc[c+dxx]) / (dxRt[a+b,2] *Cot [c+d*Xx]) *Sqrt [b*x (1+Csc[c+d*x]) / (a+bxCsc[c+d*x]) ] *Sqrt[-b* (1-Csc[c+d*x]) / (a+bxCsc[c+dxx]) ] =*
EllipticPi[a/ (a+b) ,ArcSin[Rt[a+b,2]/Sqrt[a+bxCsc[c+dxx]]], (a-b)/(a+b)] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0]

2: j(a+b$ec[c+dx])3/2dx when a2 -b% #0

Derivation: Algebraic expansion

2 14z z (a®-2ab-b%z)

\Ja+bz - \Ja+bz

Basis: (a+bz)3?%=a

Rule: If a2 - b? # 0, then

a?+b (2a-b) Sec[c+dx Sec[c+dx] (1+Sec[c+dX
J‘(a+bsec[C+dX])3/2d]X—)J‘ + ( ) [c+ ]d]X+b2J [c+ 1 (1+ [c+ 1) dx

\/a+bSec[c+dx] \/a+bSec[c+dx]

Program code:

Int[ (a_+b_.*xcsc[c_.+d_.xx_]1)"(3/2),x_Symbol] :=
Int[ (a”2+b* (2%a-b) xCsc[c+d*x]) /Sqrt[a+b*Csc[c+d*x]],Xx] +
b~2xInt[Csc[c+d*Xx]» (1+Csc[c+dxx]) /Sqrt[a+bxCsc[c+d*x]],Xx] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0]



Rules for integrands of the form (a+b sec(e+f x))™n

3: J(a+bSec[c+dx])"d1x when a2 -b%?#@ An>2 A 2nez

Derivation: Secant recurrence 1b withA - a?, B>2ab, C>b?>, m>0, n>n-2

Rule:If a2-b2+0 A n>2 A 2n € Z,then

j(a+bSec[c+dx])"d1x —

b?2Tan[c+dx] (a+bSec[c+dx])"?

d(n-1)

1 J(a+b$ec[c+dx])"‘3 (@ (n-1) +b (b®> (n-2) +3a%* (n-1)) Sec[c+dx] +ab® (3n-4) Sec[c+dx]?) dx
n-

Program code:

Int[ (a_+b_.*xcsc[c_.+d_.*x_])”n_,x_Symbol] :=
-b”2xCot [c+d*X] * (a+bxCsc[c+dxXx] )~ (n-2) / (d*x (n-1)) +
1/ (n-1) »Int[ (a+b*Cscc+d*x]) " (n-3) »
Simp[a”3* (n-1) + (b* (b2x (n-2) +3*a”2% (n-1) ) ) xCsc [c+d*X] + (a*xb"2x (3*n-4) ) xCsc [c+d*x]*2,X] ,x] /5
FreeQ[{a,b,c,d},x] &% NeQ[a*2-b"2,0] && GtQ[n,2] &% IntegerQ[2xn]

2. j(a+b$ec[c+dx])"d1x when a2-b2#0 A 2nez-

1

1: J.— dx when a? - b? #0
a+bSec[c+dx]

Derivation: Algebraic expansion

jee 1 __ 1 bz
Basis: a+tbz 7 a a (a+bz)

Rule: If a2 - b? + 0, then

14



Rules for integrands of the form (a+b sec(e+f x))™n

1 x b Sec[c +dx] x 1 1
j—————————dx—e———j—————————dx—e——— ———dx
a+bSec[c+dx] a aJa+bSec[c+dx] a a 1 4 2Cos[c+dx]

b

Program code:

Int[1/ (a_+b_.xcsc[c_.+d_.*x_]),x_Symbol] :=
x/a - 1/axInt[1/(1+a/bxSin[c+d+x]),x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0]

1
2: J dx when a%> -b%#0
Va+bSec[c+dx]

Rule: If a2 - b% + 0, then

J + +
dx
Va b Sec[c +dXx]

2vVa+b \/b(l—Sec[c+dx]) \/ b (1+Sec[c+dx])
adTan[c +dx] a-b

a+b [\/a+b5ec[c+dx] ] a+b

EllipticPi[ , ArcSin R b]
a —

a+b a

a+b

Program code:

Int[1/Sqrt[a_+b_.xcsc[c_.+d_.*x_]],x_Symbol] :=
2xRt[a+b,2]/ (axdxCot [c+d*x]) *Sqrt[bx (1-Csc[c+d*x]) / (a+b) ] *Sqrt[-b* (1+Csc[c+d*x]) / (a-b) ] *
EllipticPi[ (a+b) /a,ArcSin[Sqrt[a+bxCsc[c+d«x]]/Rt[a+b,2]1], (a+b)/(a-b) ]| /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b”2,0]

3: j(a+b$ec[c+dx])"d1x when a2 -b2#0@ A n<-1 A 2nez

Derivation: Secant recurrence 2b with A -1, B—-90, C-0, m—> 90

Rule:If a2-b>+0© A n< -1 A 2n e Z,then



Rules for integrands of the form (a+b sec(e+f x))™n

J.(a+bSec[c+dx])"d1x —

b2Tan[c+dx] (a+bSec[c+dx])™?
- +

ad (n+1) (a-b?)

1

J(a+b$ec[c+dx])"*1 ((a*>-b?) (n+1) -ab (n+1) Sec[c+dx] +b® (n+2) Sec[c+dx]?) dx
a(n+1) (a*-b?)

Program code:
Int[ (a_+b_.xcsc[c_.+d_.*x_])”n_,x_Symbol] :=
b”2xCot [c+d*Xx] * (a+bxCsc[c+d*x] )~ (n+1) / (a*d* (n+1) * (a”*2-b"2)) +

1/ (a*(n+1)*(a"2—b"2))*Int[(a+b*Csc[c+d*x])"(n+1)*Simp[(a"2—b"2)*(n+1)—a*b*(n+1)*Csc[c+d*x]+b"2*(n+2)*Csc[c+d*x]"2,x],x] /3
FreeQ[{a,b,c,d},x] && NeQ[a*2-b"2,0] && LtQ[n,-1] && IntegerQ[2xn]

X: J(a+bSec[c+dx])"dlx when a2-b2#0 A 2n¢z

Rule:Ifa? -b%? + @ A 2n ¢ Z,then

J(a+b$ec[c+dx])"d1x — J(a+b$ec[c+dx])"d1x

Program code:

Int[(a_+b_.xcsc[c_.+d_.*x_])”*n_,x_Symbol] :=
Unintegrable[ (a+bxCsc[c+d*x])”~n,x] /;
FreeQ[{a,b,c,d,n},x] && NeQ[a”2-b”2,0] && Not[IntegerQ[2xn]]

16



